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2By changing the phase of the incoming laser pulses by























































is an example of an anisotropic Heisenberg exchange
interaction (often referred to as the XY Hamiltonian).
Previous work in our group [9, 20, 21, 22, 23] has shown
that such two-body exchange Hamiltonians can be uti-
lized to perform universal quantum computation on en-
coded qubits.
III. ENCODED UNIVERSALITY IN ION TRAPS
A. Universality of Anisotropic Exchange
Interaction
It has recently been shown by Kempe et al. [21, 22]
that the anisotropic exchange (XY) interaction is suf-
cient to generate universal encoded single-qubit and
two-qubit operations. In particular, these universal
gates may be generated over encoded subspaces spanned
by either of the following qutrit code states consisting
of three physical qubits: C
I
= fj001i; j010i; j100ig or
C
II
= fj110i; j101i; j011ig. It has been shown that the
anisotropic exchange interaction between two physical
qubits within either of these encodings generates the full
su(3) algebra, and hence also the SU (3) group, over
the logical qutrits. Since SU (2)  SU (3), selecting a
qubit out of the 3 qutrit states results in universal sin-
gle qubit operations, as long as the full su(3) algebra
is preserved. In addition, encoded two-qubit operations
have been shown to be eÆciently generated from the
anisotropic exchange interaction.[22, 23].
B. Encoded Space is a Decoherence Free Subspace
The encoded space we employ here is a Decoherence
Free Subspace (DFS) with respect to collective dephas-










, reecting that all physical qubits
of the computer simultaneously gather an identical ran-
dom shift in the relative phase between their ground and
excited level. We illustrate the DFS on a simple example
of a logical qubit encoded into the states j01i and j10i
of two physical qubits. Collective dephasing simultane-
ously shifts relative phase of each of the physical two-
level systems as follows: j0i ! j0i, j1i ! e
i
j1i. The
logical qubit stays protected against collective dephasing
because this phase shift becomes just an unimportant
global phase identical for both logical qubit states. An
important source of collective dephasing error in linear
ion traps is long wavelength uctuations in the ambient
magnetic elds. Work by Kielpinski et. al [11, 14] shows
that using the two qubit collective DFS states dened to
protect against collective dephasing leads to an increased
delity limited now only by the heating of the ion mo-
tional state. However the results of Kempe et al. [21, 22]
have shown that the anisotropic exchange interaction re-
quires at least three qubits to serve as the logical qubit,





as indicated above, one needs to add a third ion in order
to form a single logical qubit in the minimal encoding for
the pairwise XY interaction.
The XY Hamiltonian H
ij
preserves the DFS and the
qutrit codes. Within the DFS, the collective dephasing
operator S
z
commutes with the operator algebra gener-
ated by the XY interaction [9, 21]. Intuitively, all states
from either codes are transformed identically if all their
physical qubits are simultaneously phase shifted as de-





preserve the total number of qubits in the excited




The same properties with respect to the collective de-
phasing model are also valid for qubit encodings derived
from qutrits [22]. We illustrate this here on an exam-
ple of the logical qubit encoded into the states j001i and
j010i. The relative phase between the code-words re-
mains unchanged if all the physical qubits of value 1 are
simultaneously shifted by an arbitrary phase kick e
i
in
the course of the collective dephasing process [11].
In the present case, we implement the XY interaction


























do not commute with the
collective dephasing operator, S
z
. This departure from














of avoiding decoherence is similar to proposed bang-bang
schemes [24]. To illustrate this mechanism, we make a
simple argument here to show why this is the case.
Assume we would like to apply the Hamiltonian H
ij













for a time T. Or one could apply both



































Assuming only collective decoherence, a simple popula-
tion model, described below, shows a radically improved
decoherence time. Assume that the states outside of the
DFS decay with some rate . We expect that the total
decoherence will be proportional to the integral over time
of  times the population outside of the DFS, P (t). An
overestimate would be to assume no decoherence and to











FIG. 1: A graphical demonstration of the dierence in the
population outside the DFS, p(t), obtained by using a series










One can clearly see that the total integrated population out-
side of the DFS,
R
P (t)dt, will be reduced as one increases the
number of alternations, n.
simply integrate over the population outside of the DFS
during our operation.













. If this operator was applied to a





, the identity would of course preserve this codespace
and the population that has left the codespace, p(t),
would then be proportional to sin
2
(t). The integrated













t] will return us completely to the subspace,
and by symmetry leads to a total integrated population




Returning to Eq. [4], we see that by applying our op-
erators for a time T=n, we can achieve a total integrated










. Therefore, one expects a quadratic
improvement in the delity with the number of steps, n,
Fig. [1].
To test this simple model, we calculated the evolu-
tion of the density matrix assuming collective decoher-
























, between the evolved density matrix,

b
, and the expected density matrix resulting from direct
application of the XY Hamiltonian, 
a
. Fig. [2] shows
that a t of the operation error, 1   f , on a  pulse as
a function of n shows a quadratic improvement, as pre-
dicted by our simple population model.









FIG. 2: The evolution of the density matrix for a single en-





was calculated using the Lindblad equation [26] and assuming
only collective dephasing. The resulting system density ma-
trix 
a
was then compared with the expected density matrix,

b
, if instead one could apply the XY Hamiltonian directly.
The plot shows operation error, 1-f , as a function of the num-











strength of the collective decoherence, , was set equal to the







, in this example.







. A t of the
data for n > 16 yields the expected 1=n
2
dependence (dashed
line) predicted by our simple population model (see text).
IV. CONCLUSION
We have presented a scheme for a universal ion
trap quantum computation on Decoherence Free Sub-
spaces using the Sorensen-Molmer two-body Hamilto-
nian. Rapid alternation of control pulses generates
an eective two-body interaction which approximates
the anisotropic exchange (XY) Hamiltonian. This en-
sures universal quantum computation over DFS pro-
tected qubits, as a result of the anisotropic exchange
interaction universality properties over logical qubits en-
coded into three physical qubits [21, 22, 23]. The deco-
herence time improves quadratically with the number of
alterations, n, for a given total pulse duration T .
Our scheme is scalable when one assumes the array-
based architecture proposed by Kielpinski et. al. [14].
In that scheme single encoded qubits are held in individ-
ual traps. Pairs of encoded qubits are then moved into
the same trap in order to perform two qubit operations.
The advantage of such a scheme is that one can avoid the
unfavorable scaling of the two qubit interaction strength
as one puts more ions into the same trap. Furthermore,
by encoding the ions into DFS, qubit coherences are pro-
tected when moving the ions from trap to trap.
There are several dierences for the physical imple-
mentation of our scheme compared to [14]. Our scheme
4requires one extra ion per logical qubit and each ion has
to be individually addressed. Our operations take us out
of the DFS, although this can be mitigated by the rapid
alternation of pulses. The alternation of pulses results in
only a linear increase in the total number of physical op-
erations. An advantage of our scheme is that we use only
two qubit entangling operations, whereas the proposal of
Kielpinski et al. [14] requires four-qubit entangling op-
erations. Two-qubit operations are inherently more ro-
bust to noise than four qubit entangling operations [25].
One could imagine a hybrid proposal in which the qubits
are stored in pairs of ions. Single qubit operations are
performed using the standard scheme [4, 11, 14]. Then
when the qubits are brought together to do two qubit
gates, two additional ions are placed in the trap allowing
one to entangle the qubits only using two physical qubit
operations as described here. This hybrid approach may
oer greater exibility.
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